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REGULAR IDEALS OF GRAPH ALGEBRAS
JONATHAN H. BROWN, ADAM H. FULLER, DAVID R. PITTS,
AND SARAH A. REZNIKOFF
Abstract. Let C∗(E) be the graph C∗-algebra of a row-finite graph E. We
give a complete description of the vertex sets of the gauge-invariant regular
ideals of C∗(E). It is shown that when E satisfies Condition (L) the regular
ideals C∗(E) are a class of gauge-invariant ideals which preserve Condition (L)
under quotients. That is, we show that if E satisfies Condition (L) then a reg-
ular ideal J E C∗(E) is necessarily gauge-invariant. Further, if J E C∗(E) is
a regular ideal, it is shown that C∗(E)/J ≃ C∗(F ) where F satisfies Condi-
tion (L).
1. Introduction
In this short note we study the regular ideals, in the sense of Hamana [4], of a
row-finite graph C∗-algebra C∗(E). That is the ideals J such that J = J⊥⊥, see
Definition 3.1.
Let E be a row-finite directed graph. There is a natural one-to-one correspon-
dence between the saturated, hereditary subsets of vertices of E and the gauge-
invariant ideals of C∗(E) [1]. In Proposition 3.4 we give a complete description of
the gauge-invariant regular ideals J of C∗(E) in terms of their corresponding vertex
sets H(J) = {v ∈ E0 : pv ∈ J}. Using this information we move to study quotients
of graph C∗-algebras by gauge-invariant regular ideals.
Two important classes of directed graphs are those satisfying Condition (K)
and those satisfying Condition (L). Condition (L) was introduced in [5] to prove
the Cuntz-Krieger Uniqueness Theorem for graph C∗-algebras, and serves as an
analogue of Condition (I) from [3]. Condition (K) was introduced in [6] to study
the ideal structure of graph algebras, and serves as an analogue of Condition (II)
for Cuntz-Krieger algebras introduced in [2]. Our interest in this note is with
Condition (L), but it provides useful context to briefly discuss the relationship
between quotients and Condition (K).
C∗-algebras of graphs satisfying Condition (K) are well-behaved under quotients
by gauge-invariant ideals. Indeed, when E satisfies Condition (K) and J E C∗(E)
is a gauge-invariant ideal, then there is a graph F satisfying Condition (K) such
that C∗(E)/J ≃ C∗(F ). However, in general, this is not true of graphs satisfying
Condition (L). If E satisfies Condition (L) and J EC∗(E) is gauge-invariant, then
C∗(E)/J is again a graph C∗-algebra, but it may be impossible to find a graph F
satisfying Condition (L) such that C∗(E)/J ≃ C∗(F ), [1, Remark 4.5].
The poor behavior of Condition (L) under quotients by gauge-invariant ideals
can be mitigated with the imposition of an additional hypothesis: regularity of the
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ideal J . We show in Theorem 3.5 that if E satisfies Condition (L) and J E C∗(E)
is a regular, gauge-invariant ideal then C∗(E)/J ≃ C∗(F ), where F is a graph
satisfying Condition (L).
As an application of Theorem 3.5, Proposition 3.7 shows that when the graph
E satisfies Condition (L), all regular ideals of C∗(E) are gauge-invariant. Thus, if
E satisfies Condition (L), the regular ideals of C∗(E) are a class of gauge-invariant
ideals which preserve Condition (L) under quotients. However, the converse need
not hold. Indeed, Example 3.9 gives an example of a graph satisfying Condition (L)
and a non-regular ideal J in C∗(E) for which C∗(E)/J ≃ C∗(F ) where F is a graph
also satisfying Condition (L).
2. Background: graph algebras and their ideals
We recall some definitions relevant to graph C∗-algebras. We will follow the
arrow conventions used in Raeburn’s monograph [8], and refer the reader to [8] for
further details on graph C∗-algebras.
Let E = (E0, E1, r, s) be a directed graph. We will assume throughout that E
is a row-finite graph. That is, we will assume r−1(v) is a finite set for each vertex
v ∈ E0. For N ∈ N, a path of length N in E is a sequence of edges {αi}Ni=1 such that
s(αi) = r(αi+1). For a path α, let α
0 := {r(αi)} ∪ {s(α)i} be the set of vertices in
the path α. Let E∗ be the collection of all vertices of E and all finite paths of E. We
extend the notion of source to elements of E∗ by setting s(α1, α2, . . . αn) = s(αn)
and s(v) = v when v ∈ E0; we extend the notion of range to all paths in the
analogous way. A path α = α1, α2, . . . αn ∈ E∗ \ E0 is a cycle if r(α) = s(α).
Fix a universal Cuntz-Krieger E-family, {se, pv : e ∈ E1, v ∈ E0}. Then the
graph C∗-algebra C∗(E) is the C∗-algebra generated by {se, pv}. For α = {αi}Ni=1 ∈
E∗, denote by sα the partial isometry
sα = sα1 . . . sαn .
We have
pvsα = δv,r(α)sα and sαpw = δs(α),wsα;
in particular pvsα 6= 0 if and only if v = r(α). The universality of {se, pv : e ∈
E1, v ∈ E0} implies that for z ∈ T the map se 7→ zse induces an action γ of T on
C∗(E), called the gauge action.
Let D = span{sαs∗α : α ∈ E
∗}. Then D is an abelian C∗-subalgebra of C∗(E).
We refer to D as the diagonal of C∗(E).1
Definition 2.1. The graph E satisfies Condition (L) if every cycle has an entry:
that is, for every cycle α = {αi}ni=1 ∈ E
∗, there exists an i and an edge e ∈ E1\{αi}
such that r(e) = r(αi).
A particularly nice property of a graph algebra is that a large class of its ideals
can be ‘seen’ by looking at the underlying graph. We recall now the requisite
definitions.
Definition 2.2. Let E be a row-finite graph and let H ⊆ E0. The set H is
hereditary if whenever µ ∈ E∗ satisfies r(µ) ∈ H , then s(µ) ∈ H .
The set H is saturated if for all v ∈ E0, {s(e) : e ∈ E1, r(e) = v} ⊆ H implies
v ∈ H .
1This terminology has become standard even though D is a C∗-diagonal in the sense of
Kumjian [7] only if E has no cycles.
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Notation 2.3. Let J be an ideal in a graph algebra C∗(E). Let
H(J) := {v ∈ E0 : pv ∈ J}.
If H ⊆ E0 let I(H) be the ideal in C∗(E) generated by H , that is,
I(H) := span{sαs
∗
β : α, β ∈ E
∗ and s(α) = s(β) ∈ H}.
The following results give a one-to-one correspondence between saturated hered-
itary subsets of E0 and gauge-invariant ideals of C∗(E). Further, a quotient of
C∗(E) by a gauge-invariant ideal results in another graph C∗-algebra.
Theorem 2.4 (c.f. [1, Theorem 4.1]). Let E be a row-finite graph. If H is a subset
of E0 then H(I(H)) = H if and only if H is saturated and hereditary.
If J is an ideal in C∗(E) then I(H(J)) = J if and only if J is gauge-invariant.
In particular, for any ideal J , I(H(J)) is the largest gauge-invariant ideal contained
in J . That is,
I(H(J)) =
⋂
z∈T
γz(J).
For any row-finite graph E and closed ideal J ⊆ C∗(E), denote by E/J the
largest subgraph of E with no vertex belonging to H(J), that is,
E/J := (E0\H(J), E1\s−1(H(J)), r, s).
Proposition 2.5 (c.f. [1, Theorem 4.1]). Let J be a gauge-invariant ideal of C∗(E).
Then C∗(E)/J ≃ C∗(E/J).
We will use the following proposition to produce quotient graphs without Con-
dition (L).
Proposition 2.6. Let J be an ideal in C∗(E). If the graph E/J satisfies Condi-
tion (L), then J is gauge-invariant.
Proof. Let F = E/J . By Proposition 2.5, we may identify C∗(E)/I(H(J)) with
C∗(F ). By definition, I(H(J)) ⊆ J . Let N E C∗(F ) be the image of J under the
quotient map C∗(E) → C∗(E)/I(H(I)) = C∗(F ). Then
C∗(E)/J ≃ C∗(F )/N.
Consider the quotient map q : C∗(F ) → C∗(F )/N . Note that H(N) ⊆ F 0 is
empty and thus q(pv) 6= 0 for all v ∈ F
0. Since F satisfies Condition (L), by
the Cuntz-Krieger Uniqueness Theorem the quotient map is injective. Thus N is
trivial, so J = I(H(J)).
3. Regular ideals and quotients
Let A be a C∗-algebra. For a subset X ⊆ A we define X⊥ to be the set
X⊥ = {a ∈ A : ax = xa = 0 for all x ∈ X}.
Definition 3.1. We call an ideal J EA a regular ideal if J = J⊥⊥.
Note that, if J is an ideal in A, then so is J⊥. It is always the case that
J ⊆ (J⊥)⊥ and J⊥ = J⊥⊥⊥.
In this section we will study the regular ideals of a graph C∗-algebras C∗(E).
The main result is Theorem 3.5, which shows that if E satisfies Condition (L)
and J is a regular, gauge-invariant ideal of C∗(E), then E/J also satisfies Condi-
tion (L) and C∗(E)/J ≃ C∗(E/J). En route to this result we give a description in
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Proposition 3.4 of the vertex set H(J) for a regular ideal J . As a consequence of
Theorem 3.5 we also show that when E satisfies Condition (L) all regular ideals of
C∗(E) are gauge-invariant. Thus the regular ideals form a class of gauge-invariant
ideals which preserve Condition (L) under quotients.
Lemma 3.2. Let J be a gauge-invariant ideal of a graph algebra C∗(E). Then J⊥
is a gauge-invariant regular ideal.
Proof. If a ∈ J⊥ then for any z ∈ T
γz(a)J = γz(aJ) = {0}
and
Jγz(a) = γz(Ja) = {0}.
Hence γz(a) ∈ J⊥.
Notation 3.3. The following notation will be useful for describing the vertex set
H(J) of a gauge-invariant, regular J .
(i) For w ∈ E0, put
T (w) = {s(α) : α ∈ E∗, r(α) = w}.
(ii) If I ⊆ C∗(E) an ideal, let H(I) ⊆ E0 be the set
H(I) = {r(α) : α ∈ E∗ and s(α) ∈ H(I)}.
Proposition 3.4. Let E be a row-finite directed graph. Let J ⊆ C∗(E) be a gauge-
invariant ideal. Then
(i) J⊥ = I(E0\H(J));
(ii) J⊥⊥ = I({w ∈ E0 : T (w) ⊆ H(J)});
(iii) J is regular if and only if H(J) = {w ∈ E0 : T (w) ⊆ H(J)}.
Proof. By Lemma 3.2, J⊥ is gauge-invariant. Hence by Theorem 2.4 J⊥ =
I(H(J⊥)). Thus, to prove (i), it suffices to prove H(J⊥) = E0\H(J).
Observe that if v ∈ H(J) and s(α) = v for some α ∈ E∗ then sα ∈ J . Also if
α ∈ E∗ then pwsα 6= 0 if and only if r(α) = w. Hence, if w ∈ H(J), then there
exists sα ∈ J such that pwsα 6= 0. Thus pw /∈ J⊥ and therefore w /∈ H(J⊥).
Conversely if w /∈ H(J), then pwsα = 0 for all α ∈ E∗ with s(α) ∈ H(J). Since
J is gauge invariant, J = span{sαs
∗
β : s(α) = s(β) ∈ H(J)}, so pw ∈ J
⊥. Hence
w ∈ H(J⊥).
The other properties follow from (i).
We show now that quotients by regular ideals preserve Condition (L).
Theorem 3.5. Let E be a row-finite graph satisfying Condition (L). Let J be a
regular, gauge-invariant ideal in C∗(E). Then E/J satisfies Condition (L).
Proof. Let λ be a cycle in E/J . Since E has Condition (L),
E := {e ∈ E1 : e is an entrance for λ} 6= ∅.
If λ has no entry in F then s(E) ⊆ H(J). Hence λ0 ⊆ H(J). Since J is regular, it
follows from Proposition 3.4, that λ0 ⊆ H(J). This contradicts λ being a cycle in
E/J . Hence E/J has Condition (L).
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In general, a regular ideal of a graph C∗-algebra need not be gauge-invariant. In-
deed, if E is a graph with a single vertex and a single edge then C∗(E) = C(T). The
C∗-algebra C(T) does not contain any non-trivial gauge-invariant ideals. However,
C(T) contains many regular ideals. We will see now that if E satisfies Condition (L),
then regular ideals of C∗(E) are necessarily gauge-invariant.
Lemma 3.6. If J is a regular ideal, then I(H(J)) ⊆ J is a gauge-invariant regular
ideal.
Proof. We have that I(H(J)) ⊆ J and
I(H(J)) ⊆ I(H(J))⊥⊥ ⊆ J⊥⊥ = J.
As I(H(J)) is gauge-invariant, I(H(J))⊥ and I(H(J))⊥⊥ are gauge-invariant by
Lemma 3.2. By Theorem 2.4, I(H(J)) is the largest gauge-invariant ideal in J . It
follows that I(H(J)) = I(H(J))⊥⊥. Hence I(H(J)) is regular.
Proposition 3.7. If E is a row-finite graph satisfying Condition (L), and J is a
regular ideal in C∗(E), then J is gauge-invariant.
Proof. Since J is regular, I(H(J)) is regular by Lemma 3.6. Thus, by Theorem 3.5,
E/J has Condition (L). It follows that J is gauge-invariant by Proposition 2.6.
Proposition 3.7 and Theorem 3.5 together give the following corollary.
Corollary 3.8. Let E be a row-finite graph satisfying Condition (L). Let J be a reg-
ular ideal in C∗(E). Then E/J satisfies Condition (L) and C∗(E)/J ≃ C∗(E/J).
We end the paper with an example which shows that not all ideals J with E/J
satisfying Condition (L) are regular.
Example 3.9. Consider the following directed graph E
v∅

v077
66♠♠♠♠♠♠♠♠♠♠♠♠♠♠♠
v1 gg
hh◗◗◗◗◗◗◗◗◗◗◗◗◗◗◗
v0055
==④④④④④④④④
v01 jj
aa❈❈❈❈❈❈❈❈
v1055
==④④④④④④④④
v11 jj
aa❈❈❈❈❈❈❈❈
...
...
...
Figure 1. Graph E, with non-regular quotients satisfying Condition (L)
Denote the edge from vj to vi by e(i,j) and the edge from vi to itself by fi. Since
every vertex vi has an edge fi with r(fi) = s(fi) = vi, every collection of vertices
is saturated.
Now consider the set of vertices
H = T (v0) ⊔

 ⊔
i∈N−{0}
T (v11 · · · 1
︸ ︷︷ ︸
i
0)

 .
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Then H is a saturated hereditary set and E0\H = {v11 · · · 1
︸ ︷︷ ︸
i
: i ∈ N} ∪ {v∅}.
Then E/J is represented by Figure 2 and satisfies Condition (L)
v∅

v1

oo v11

oo · · ·
Figure 2. E/J with Condition (L).
Notice that Proposition 3.4 shows I(H) is not regular. Indeed, the range of
e(11 · · · 1
︸ ︷︷ ︸
i
,11 · · · 1
︸ ︷︷ ︸
i
0) is v11 · · · 1
︸ ︷︷ ︸
i
and its source is in H . So, we have H(I(H)) = E0, and
therefore
H(I(H)) 6= {w : T (w) ⊆ H(I(H)) = E0}.
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